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MOMENT-ROTATION CHARACTERISTICS OF COLUMN 
ANCHORAGES 


Charles G. Salmon,! J.M. ASCE, Leo Schenker, 2 A.M. ASCE, and 
Bruce G. Johnston,? M. ASCE 


SYNOPSIS 


This paper presents methods of obtaining the moment-rotation character- 
istics for common types of light industrial building column anchorages. 
These characteristics are useful in methods of analysis or design, particu- 
larly where resistance to rotation may be critical to the survival of the 
structure under heavy lateral loads such as in earthquake or blast loads. 
Upper and lower bounds for maximum resisting moment and maximum rota- 
tion, respectively, are developed. Shear is found to have little effect on the 
ultimate resisting moment but has somewhat more effect on the maximum 
rotation. 

Formulation of the complete moment-rotation curve is developed in five 
stages. Appendices illustrate the use of the formulae. The variables in- 
volved are discussed and the effect of each on the ultimate moment and rota- 
tion is shown graphically. The procedure developed may provide at least a 
first approximation until experimental data become available allowing cor- 
roboration or correction of the assumptions that have been made. 


INTRODUCTION 


To permit the analysis of a complete structure the knowledge of the ulti- 
mate strength of the column anchorages must be supplemented by an estimate 
of their moment-rotation characteristics, particularly so in the case of 
structures subjected to lateral blast loads. 

Since analytical and test information on the ultimate behavior of column 
anchorages is largely lacking, a theoretical analysis of the problem applic - 
abie to simple types of anchorages is developed. 

The degree to which anchorages affect the capacity of structures to resist 
lateral loads, such as could occur as a result of a bomb blast, varies with the 
type of structure. This follows from consideration of the three ways in which 
a column anchorage can fail: 


1) failure in shear resistance 
2) failure in moment resistance, and 
3) failure in tensile resistance. 
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Shear failure of an anchorage might take place in a low, wide building. 
This failure could take the form of cracking of the concrete pier to which the 
anchorage is secured or shearing off of the anchor bolts. The latter type of 
failure might occur due to shear alone or in combination with the applied mo- 
ment, causing combined tension and shear failure of individual bolts. Anchor- 
ages of multistory buildings are unlikely to fail in shear in view of their high 
degree of rigidity and the great amount of friction due to vertical loads. 
While each design should be examined individually, in general the anchorages 
of tall buildings, being heavily embedded in concrete, can be considered fully 
fixed; hence, deformation and failure would be governed by the properties of 
the columns. 

A related problem outside the scope of this paper is the possibility of over- 
all footing failure. Between the two extreme cases of fixed and flexible an- 
chorages is the group encountered in most light industrial buildings. These 
anchorages consist of plates attached to the bottom of columns and held down 
by anchor bolts embedded in a concrete pier (Fig. 1). The moment-rotation 
relationship of this type of anchorage will be investigated omitting considera- 
tion of any relative movement between the concrete foundation and the sur- 
rounding soil. 

A number of technical articles have appeared on the subject of the design 
of simple anchorages, (6) but a review of literature has not revealed any ex- 
perimental or analytical investigation of such anchorages. Empirical proce- 
dures have been used for design purposes with the knowledge that a large 
factor of safety is available to absorb discrepancies between the assumptions 
and the actual behavior of anchorages. The assumptions made herein are 
more realistic and are readily adjustable to results of tests as they become 
available. 


Upper Bound* of Moment 


Rectangular Base Plate 


The most important variables that enter into the moment-rotation relation- 
ship of column anchorages are: 


i) dimensions of base plate; 

ii) dimensions, location, and stress-strain characteristics of anchor bolts; 
iii) dimensions and stress-strain characteristics of concrete pier; and 
iv) vertical loading. 


As a first step in determining the manner in which changes in these vari- 
ables affect the moment-rotation relationship of the anchorage, the upper 
bound of the moment and the corresponding minimum rotation will be esti- 
mated. 

It is convenient to express many variables in terms of the dimensions of 
the base plate; thus, all primed symbols signify such a manner of expression. 
For example, e is defined as the distance of an anchor bolt from the center 
line of the base plate and e' = e/(1/2 d) = 2e/d. The only exceptions to this 
use of primed symbols is f,, which has the conventional meaning of ultimate 
concrete (cylinder) compressive strength. 


4. “Upper bound” means an approximate evaluation of a resisting moment 
below which the actual resting moment must lie. 
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Fig. 1. Fig. 2 Fig. 43. 


Upper Bound for Moment 


Consider’a column anchorage without anchor bolts as shown in Fig. 2. 
The unit bearing pressure “c” due to a concentric vertical load W is assumed 
to be uniform. On a concrete foundation the maximum value for c permitted 
by most codes is 600 or 800 psi. If a moment is now applied by the column, 
the stress distribution at some stage will be assumed to be approximately as 
shown in Fig. 3. Evidently, the resisting moment is W d/6, where d is the 
length of the base plate. If, hypothetically, the concrete had infinite strength 
and the bearing plate were infinitely rigid, then equilibrium considerations 
alone would determine the maximum moment that could be resisted. Just be- 
fore the column toppled over, as shown in Fig. 4, the resultant base pressure 
would be at the edge of the plate and the “upper bound” moment would be 


1 
M, wad. (1) 


Next, consider the same column and base plate arrangement supporting no 
weight at all, but this time held down by anchor bolts. The plate and the con- 
crete are again assumed as infinitely rigid. The degree to which the bolts 
have been tightened is immaterial. Let the ultimate strength of the bolt or 
bolts on either side of the center line of the base plate be P,,. Also, let the 
distance from the anchor bolts to the center line be e, as shown in Fig. 5. In 
this case the upper bound for the resisting moment is 


=P G+e)+P,G-e) 
(2) 


Adding the upper bound moments for the two cases (Equations 1 and 2), the 
upper bound for moment for an anchorage supporting a weight W and held 
down by anchor bolts of ultimate strength 2P,, is 


d 
M, = (W+ 2P (3) 
If interested only in the moment which without any doubt would cause com- 
plete structural failure of the type of anchorage under consideration, Equa- 
tion 3 would provide sufficient information, 
The symbol p is now introduced for A;/bd, where A; is the cross-sectional 
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area of half the anchor bolts and b is the width of the base plate, Thus p has 
a meaning similar to that in the reinforced concrete theory.° Equation 3 can 
thus be rewritten 
d 
M, = (c bd + 2p a, bd) 5, 
where = ultimate steel strength. 


Thus, M,, = (c + 2p ° 


Writing 
— = M' 
bd” u 
M) (c + 2p 


Hence, the upper bound moment divided by bd? is the same for similar an- 
chorages of different size, provided that the original uniform bearing stress 
and the ratio of anchor bolt area to base plate area remains the same, 

Next, a more realistic assumption is made with regard to the concrete 
strength. The actual ultimate concrete strength depends to some degree on 
the relative size of the base plate and the concrete footing. It is known that 
the compressive strength of concrete confined in one or more directions is 
greater than the value of f{, determined from standard cylinder tests. It will 
be assumed, therefore, that the concrete strength is af,, where a2 1 and 
must be either estimated or determined by suitable tests, 

Theoretical considerations based on elastic theory(1) suggest that a might 
be between 1 and about 1.5. Tests carried out by the Hydro-Electric Power 
Commission of Ontario (unpublished) on concrete cubes loaded over a small 
central square indicate that a may be proportional to the cube root of the 
ratio of total area to loaded area. Values for a as high as 10 have been ob- 
tained in tests at the Commission’s laboratories. 


5. In reinforced concrete theory “d” is the distance from the extreme com- 
pression fibers to the reinforcing steel, 
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From the viewpoint of determining the moment resistance of anchorages, 
the effect of loading a rectangular strip is of more interest than that of load- 
ing a small square, Graf (2) reports on tests performed on concrete cubes in 
which ultimate strength under a loading on a strip covering only a third of 
the top surface was 1.6 times as high as the ultimate strength of a cube loaded 
uniformly over all its cross-section, Loading on a strip one-seventh of the 
width of the cube resulted in values for a varying from 2.5 to 2.8. Moving 
the loaded strip toward the edge of the cube resulted in a reduction of a@ to 
1,2 to 1.5. Fortunately, as is shown later, the values M, are relatively in- 
sensitive to changes ina. The concrete stress distribution just before fail- 
ure is likely to be nearly trapezoidal, but it is considered that in view of the 
large strains involved, no great error is introduced by assuming the stress 
distribution to be uniform, as shown in Fig. 6, Let the width of the strip of 
concrete in touch with the base plate be a, Then let 


af' ab=W+P for (d-e)<a (4a) 
c u 


or 


a- 
ab=W+2P , for @~°)>a. (4b) 


Analyzing first the case when (d/2 - e) < a, i.e., the bolts near the com- 
pression zone are not effective, and defining aj as the width of concrete bear- 
ing area in this particular case, 


Qa) = W+ Py = (c + p o,)d 
@f,b af' 
c 


Ma, = W(2_ 81)4+P, (dee 
u e - 43) 


2 
Writing 
= 2e 
(1/2) 4 d 


2 | af, 
2 
2 af 
C+ Pp Oy ' 5 
1 > (¢ +P (1 - )+5P a, e' (Ga) 
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For the second case, when 


= W + 2P, = (c + 2p oy )d 
af. b af, 


} = 82)+Pp, (L+e- 22) +P, (2-e - 22 
Mao (5 u u & ae) 


= Wd - 22) + oP, (2 - 82) 
2 2 2 2 


1 
s = (c + 1 + 2p 
which is seen to be independent of e. 
M\, and M\o are shown in Fig. 7, plotted against e' for specific values of 


c, p,a@f., and g,,. The larger one of the two is the upper bound, 
In most cases the value of e’ does not differ much from 0.8 and the effec- 
tive value of the upper bound will be in the range where Mii is greater than 


M'.. In the following, the expression for M’ will be used for M’ with rec- 


u2 
tangular base plates, 
A study of Equations 5a and 5b reveals that in any practical case all vari- 
ables except at, are known, To illustrate the effect on M), of any error in 


1 


estimating af, the graph in Fig. 8 was prepared, again using specific typi- 
cal values of c, p, e', and gu. Mi is greater than M\ 5 up to values of af’ 


of about 11000 psi which is near the limit of practicality. Hence, M) is the 


1 
effective upper bound all the way. The change in Mi for a change in fi. from 


4000 to 8000 psi is only 7 percent. Even if a considerable error is made in 
estimating af,, a fairly accurate estimate of M, should be possible, 

No assumption has been made in the above as to the manner of application 
of the moment because such an assumption is not required. The moment 
which is considered here is the total external moment and in the case of large 
lateral displacements of the structure, vertical loads may be responsible for 
a considerable fraction of the total moment, 


Lower Bound for Rotation 


The amount of rotation associated with the ultimate moment cannot be es- 
timated with any degree of accuracy, since it depends to a large extent on the 
elongation of the anchor bolts, The bolt elongation is more variable than that 
of plain rods and although the elongation of a tensile specimen made of the 
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Fig. 
Upper Bound for Moment: Variation With Eccentricity Using 
the Following Typical Values; af; = 6000 psi, c = W/bd = 
300 psi, po, = P/bd = 500 psi. 


FOR * 300 psi 
oe,* * 500 psi 


200 
2000 3000 4000 5000 6000 7000 6000 


ate psi 
Fig. 8. 
Upper Bound for Moment: Variation With Ultimate Concrete 
Strengta. 
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same material may be 20 to 30 percent, the bolt may elongate no more than 

5 percent at failure. However, it is possible to estimate a minimum value 

for the rotation based on the extension of the bolt at the maximum stress. 
From Fig, 9 the lower bound for the rotation is 


Or =€, (Ly + Lo) 
($+e- a) 


where €, = strain, corresponding to the maximum stress for the material of 
the anchor bolts (from stress-strain diagram); L; = length of bolt above the 
surface of the concrete; and La = equivalent free length of embedded portion 
of the bolt (see Appendix 1). Lg can be taken at least 8 times the diameter of 
the plain portion of the bolt (See Appendix 1). 


Circular Base Plate 


Pipe columns, such as those used to support water towers, rest on circu- 
lar base plates and these can be treated similarly to rectangular plates. The 
case with two diametrically opposed anchor bolts is considered here, but 
other types of anchorages can be analyzed in a similar manner to find the 
upper bound moment. 

As in the case of rectangular 
plates, it is assumed that at the ulti- 
mate moment only part of the base 
plate is in contact with the concrete 
(Fig. 10) and that the bearing pressure 
there is uniform and equal to af¢. 

The distance to the center of gravity 
of the compression area from the cen- 
ter of the base plate is 


d_sin3 
3 Y- sin cos 


With one bolt ineffective because it is 
in the compression zone, 


My 1 = W2+P,,(z+e) =Wz+Agoy(zte) . 


LOADED 

AREA AT 
ULTIMATE 
MOMENT 


SECTION A-A 


Fig. 9. Fig. 10. 
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Let, Mai = 1 

—d 

= 
32 

= 
a= 

e' = 
24 

2 


(c +p sing y e' 
+ P %) sin* 7 + (6) 
3(y - sin 7 cos 7) 2 4 


which can also be written 
Of, sine y 4 Po e' 
2] 


Furthermore, since at the stage considered the compression force in the con- 
crete must equal the ultimate strength of one bolt plus the load W, 


2 2 2 
d d ' d d 
- sin 7 cos af = px 0, + cx 


or! 


y - sin 7 cos 7 (7) 


It is difficult to eliminate ¥ from Equations 6 and 7 but they can be used 
together with y as a parameter in the same way as Equation 5 is used alone, 
For example, a curve relating M) 1 to af’ can be plotted (Fig. 11). Compar- 


ing Figs. 11 and 8 it is seen that for the same values ofat', Mis is slightly 


smaller for a circular base plate, It should be recalled, however, that the 
factor by which M\, is multiplied in the two cases to obtain the upper bound 


moment is not the same. 
FOR A CIRCULAR BASE PLATE WITH TWO ANCHOR BOLTS 


3 
My 3(y—smy cosy) ¢ 2 


( 7) 


Y¥—smn7cos7 
WHERE y IS THE ANGLE SHOWN IN FIG ‘0 
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Variation of Upper Bound Moment With Ultimate Concrete 
Strength For a Circular Base Plate 


COMPRESSION 


VERTICAL ORDINATE 
REPRESENTS INTENSITY OF DIAGONAL TENSION 


HORIZONTAL STRESS q CRACKS MAY FORM HERE. 


Fig. 12. Fig. 13. 
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Effect of Shear 


Horizontal shear on a simple anchorage is resisted by the anchor bolts 
and by friction. The resistance of the anchor bolts is, of course, the shear 
strength multiplied by the cross-sectional area. 

The horizontal resistance due to friction is ~W. When the base plate has 
rotated so as to cause its toe to dig into the concrete, larger horizontal forces 
might be transmitted, 

In analyzing the effect of the friction forces alone (assuming uniform bear- 
ing pressure) it is found that they produce compression in a horizontal direc- 
tion under one-half of the base plate and tension under the other half, The 
variation of these stresses is shown in Fig. 12, and, theoretically, infinite 
stresses exist near the edges, Actually, plastic deformation reduces the 
peaks and, furthermore, when cracks on the tension side reduce the rigidity 
of the concrete on that side most or all the resistance is provided on the com- 
pression side, When the toe of the base plate digs into the concrete, all the 
resistance is concentrated along one line. Tracing further the path of the 
horizontal forces it is found that unless the footing is completely embedded 
in fairly rigid material, the forces have to be transmitted to lower parts of 
the footing through shear along sections such as AA in Fig. 13. When the 
horizontal load is concentrated at the toe of the base plate, the distance AA 
is quite short and the high diagonal tension may result in the corner of the 
footing spalling off, Failure due to excessive compression could, however, 
be evidenced by similar symptoms and the two should not be confused, The 
conclusion to be drawn from this discussion is that not all the horizontal re- 
sistance which appears to be available as a result of friction between base 
plate and concrete may be effective, owing to the possibility of premature 
failure in another mode, 


The Effect of Shear on the Ultimate Moment 


The effect of combined tension and shear on the strength of a rivet was 
studied by H. L. Cox,(7) with correlation to test results, He pointed out that 
the relationship between the tensile and shear components and their resultant 
at failure can be represented by a quarter ellipse, as shown in Fig. 14, It is 
proposed to assume that a similar relationship holds good for the unthreaded 
portion of an anchor bolt. 

The question arises, what fraction of the ultimate tensile strength of the 
anchor bolts is available to resist moment if shear forces are also acting on 
the bolts, If rd, is this fraction when the shear stress on the anchor bolts is 
T, then from Fig. 14 the relation between 7, r, and dy is 
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Let the shear force causing this shear stress be V,. Since this force is re- 
sisted by all the anchor bolts, 


V,=247 = 2pboa 


Furthermore, let the additional shear force due to friction between the base 
plate and the concrete be Vp = uF = uw (W+ p).6 Hence, the total applied 
shear V = V, + Vp. Set the ratio M,/V = h = h'd, i.e., the distance from the 
base plate at which the shear V would have to be applied to result in a mo- 


ment M,,. 
Now 
My 
2pbd 2pbd 
Dividing numerator and denominator by bd, 
Mi (c + proy) 
2ph' 2p 
Equating the two expressions for T , 
50 ' 
2ph' 2p 2 


and hence 


+ pro, 
(c + pro ) pro,,e' 


h = (8) 


3 poy) - + 2 u(c + pro, ) 


Equation 8 establishes a relationship between h' ‘and the fraction r of the 
ultimate tensile strength that can be counted on at failure, The relationship 
is shown in graph form in Fig. 15 for some typical values of c, p, oy, af, e’, 
and 4. This shows that for values of h > 1.38 d, r = 1, i.e., no shear stress 
exists in the anchor bolts, implying that all the shear is resisted by friction. 

Although the shape of the graph would change with different values of the 
various parameters, it is evident that only for very small values of h would 
the ultimate tensile strength be seriously reduced by the action of shear. As 


6. The full frictional force is used here for illustration, but its complete 
omission does not greatly affect the numerical results, 
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Fig. 14. Fig. 15. 
Effect of Combined Shear and Effect of MomenteShear Ratio On 
Tension on Ultimate Strength Ultimate Anchor Bolt Strength. 


of Round Steel Bar. 


the anchorage yields and rotates, the value of h decreases and h will approach 
zero as the plastic hinge forms, This could change the relative magnitude of 
the shear and tensile components in a manner illustrated by the dotted line 
CC in Fig. 14. The point C determines the stress components at failure. 
Although free rotation may eventually take place it is unlikely that C will be 
below r = 0.9. In general, it is suggested that, in regard to the degree of ac- 
curacy to which the ultimate strength is known, the effect of shear on the ul- 
timate strength can be neglected, 


The General Moment-Rotation Relationship 


The method described earlier of calculating the upper bound for the re- 
sisting moment of an anchorage, apart from being of interest in itself, helps 
to visualize the relation between the variables at all stages. 

Let it be assumed that during the first stage of application of moment the 
concrete stress distribution is as shown in Fig. 16. If the highest stress is 
f,, then the least stress must be 2c - f,, since the average stress is W/bd = 
c. At the end of stage 1, 2c - fc = 0, i.€., f. = 2,. 

During the stage 2 the point of zero stress moves across from the edge of 
the plate toward the first anchor bolt, Stage 2 ends as the point of zero con- 
crete stress passes the anchor bolt, i.e., when tensile stress is induced in the 
bolt. 

Stage 3 is considered to end when yield point stress is first reached in the 
anchor bolts. The forces on the anchorage during stage 3 are shown in Fig. 17. 
Equilibrium considerations yield only one equation, namely 


P+WeF, 
but this is not sufficient to permit the calculation of the concrete stress dis- 
tribution diagram. Specifically, the distance w, shown in Fig, 17, is required 
to calculate values of M at any stage, 
M = WG - w) +PG+e-w), 
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c 
CONCRETE CONCRETE STRESS 
STRESS | DISTRIBUTION - STAGE 3 
DISTRIBUTION- STAGE | 
or if 
w' = ew 
d d 
2 
1 
M = > (c + po) (1 - w') + = ww e'. (9) 


Stage 4 is considered to terminate when the anchor bolt strain reaches the 
strain hardening range. Expression 9 for M' still applies, but the value of w' 
is now different from that in stage 3, The remaining stage, up to failure, is 
called stage 5. 

In a previous section of this paper the ultimate value of M' was estimated 
by assuming that the concrete stress just before failure would be uniformly 
distributed and equal to the ultimate concrete strength as modified by the 
prevailing conditions of restraint. 

To estimate the value of 9, the angle of rotation of the column base, cor- 
responding to a moment M and a steel stress ¢ the strains at the end of 
stage 1 are considered, i.e., when the concrete stress is zero under one edge 
of the base plate and 2c under the other edge, The difference in the displace- 
ment at the two edges can be approximately calculated in two ways. Assum- 
ing that the depth to which the stresses are transmitted is equal to width d 
and ignoring the effect of the concrete all around the base plate, the differen- 
tial movement is 2cd/E, and @ = 2c/E,. Alternatively, Timoshenko(!) gives 
an expression for the average deflection under a rectangular plate subject to 
a load F, namely, 


2 
1 -v 
F Lh.22) approximately, (v = Poisson's ratio) 


E, Vbd 


_ (c+ po) vod (1 - v*) 
E, Vbd E 


Assuming that the maximum deflection is twice the average deflection, 
= 2vba(1 - v*) 
E. d 
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c 


_ 


and when numerical values are substituted, the result is practically the same 
as obtained from the first expression for 6. 

The second stage is only of brief duration and can be treated similarly to 
stage 1, In the third, fourth, and fifth stages rotation is due to three causes: 
(i) extension of the anchor bolts; (ii) compression of the concrete; and (iii)flex- 
ure of part of the base plate. A knowledge of the anchor bolt extension and the 
distance v (see Fig. 17) would permit the calculation of 9 for any value of 0 
and for any value of M', if w were also known, In this stage 


= 


4 (10) 
aT 


where E, = 0/¢ = stress/strain, for any point on the stress-strain diagram 
of the anchor bolt material in the elastic or plastic ranges, and L, is the 
equivalent total length of the anchor bolts. By L, is meant the length of a 
similar bolt, not embedded but fixed at the end only, that would have the same 
extension under a stress 0. 

For use in similar anchorages where ail linear dimensions are proportion- 
al to d, Equation 10 can be written eliminating the dimension d, Since in simi- 
lar anchorages L, is proportional to d, and Appendix 1 shows Lo likely to be 
proportional to d also; then, set Le = the sum of Ly and L = Lé d, From ear- 
lier definition 


2v 

= 

and Vv q 


20L¢ 


The above considerations on the M-@ relationship can be summarized as 
follows: If M' were plotted against 6, then the first part of the graph would 
be a straight line of approximate slope, (c/6) + (2c/Ec) = E,/12. From there 
on the Equations 9 and 10 with o as parameter determine the shape of the 
curve, 

It was pointed out earlier that the values v' and w', the equivalent anchor 
bolt length Le, as well as the stress-strain relationship of the anchor bolts, 
must be known before the M'-§ curve can be drawn, Sufficient basic test in- 
formation exists to make possible a fairly accurate estimate of the stress- 
strain relationship of the anchor bolts, An idealized curve is shown in Fig. 18, 
drawn as far as the maximum stress value. Alternatively, it would be rela- 
tively easy to actually test anchor bolts of a type proposed in any new design. 

The estimate of Le, the sum of Lj and Ly, is somewhat more difficult, 
However, it is possible to proceed as follows: Gilkey(4) suggests that for a 
long embedded steel bar being pulled out of concrete bond is not effective over 
the whole length of the bar, but that it is effective only over a length of about 
24 diameters. Assuming that this is so, the tensile stress in the bar de- 
creases from ¢@ at the point where it emerges from the concrete to zero at 
24D (D = diameter of bar). It is shown in Appendix 1 that the length of bar 
L2, which under a stress 9 would strain by an amount equal to the slip s of 
the embedded bar, is equal to the distance of the center of gravity of the bond 
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Fig. 18. 
Idealized Stress-Strain Curve 
For Anchor Bolts. 


stress diagram from the concrete edge at the loaded end, Hence, to be able 
to estimate Lg the bond stress distribution must be assumed, Assuming a 
linear decrease of bond stress from a value u, at the loaded end to zero at 
24D, 


Lo = 1/3 x 24D = 8D 
and 
Le = ly +8D. 


The length Ly of anchor bolt above the concrete surface is known and so is D, 
If v and w (Fig. 17) are known at the various stages, the M'-@ diagram can 
be drawn. When this is done an M'-@ curve such as the one in Fig. 19 would 
result for a particular combination of values of p, c, af}, e, L, and a given 
anchor bolt stress-strain diagram. The initial slope of the curve has been 
estimated to be E,/12, The ultimate values of M'and @ estimated earlier in 
this chapter were based on the assumption of rectangular bearing stress dis- 
tribution, Hence, the coordinates of the terminal point of the curve can be 
estimated and the slope of the curve at that point would be zero. To fill in 
the rest of the curve, the bearing stress distribution must be estimated at 
intermediate stages, i.e., the values of v and w must be estimated, For this 
purpose it is considered justifiable to make use of the reinforced concrete 
theory for the stresses at the end of stage 3 (yield point reached) and a modi- 
fied theory for the stresses at the end of stage 4 (strain-hardening range 
reached), (The modification consists of assuming trapezoidal stress distribu- 
tion at the end of stage 4, with the maximum bearing stress limited to af{.) 
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20 The Effect of Different Initial Bearing Stresses, For 

p - 0.6%; gy = 33000 psi; oy = 60000 psi; 

af; - 6000 psi; e = .lid; L, = 24/3. 

Details of typical computations to obtain the M-@ curve in the manner out- 
lined above are shown in Appendix 2 and the results are plotted in Fig. 19. 

In Fig. 19 there are two points marked A and B which give an idea of the sen- 
sitivity of the method to variations in assumptions. Point A corresponds to 
point (3), but a modular ratio of 10 was used for (3), whereas 15 was used for 
A. Point B corresponds to point (4), but rectangular stress distribution was 
assumed for B (similar to the distribution at failure), whereas trapezoidal 
distribution was assumed for (4), 

Figures 20 to 23 further illustrate the effect on the M-@ curve of the vari- 
ation of c, afi, e, and L,- The effect of increasing p would be similar to that 
produced by increasing c, i.e., it would result in more rigidity and a high ul- 
timate resistance moment, The effect of changes in the concrete strength is 
not very pronounced, The result of reducing e to zero is interesting because 
such a procedure could he followed for estimating the M-@ curve for anchor- 
ages with only two bolts about an axis joining the bolts, i.e., about the axis of 
least resistance. 


CONCLUSION 


The foregoing procedure for estimating the moment-rotation characteris- 
tics of a simple column anchorage should be satisfactory as a first approxi- 
mation, Experimental verification and subsequent correction of the 
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Fig. 21 The Effect of Variations in the Concrete Strength. 
p = 0.6%; c = 600 psi; dy = 33000 psi; ay = 60000 psi; e = .kd; Ly = 24/3. 
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Fig. 22 The Effect of Varying the Eccentricity of the Anchor Bolts. 


-6%; c = 600 psi; oy = 33000 psi; a, = 60000 psi; af; = 6000 psi; L, = 24/3. 
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Fig. 23 The Effect of Varying the Free Anchor Bolt Length L,. 
p = 0.6%; c = 600 psi; a, = 33000 psi; a, = 60000 psi; af’, = 6000 psi; e = O.hd. 


assumptions should be made, Such a correction of the assumptions, after an 
initial series of tests on anchorages, may result in a refinement of the meth- 
od permitting the estimate of the M-6 curve for any similar anchorage with- 
out further tests, or it may be necessary at times to carry out small supple- 
mentary tests in the nature of combined pull-out and tension tests on anchor 

bolts. 
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APPENDIX 1 
EQUIVALENT FREE LENGTH OF EMBEDDED BAR 


It is necessary to investigate whether the equivalent free length of an em- 
bedded bar is proportional to d, the length of the base plate, for bars of var- 
ious sizes provided that p and o is the same, 

If p is the same, 


At 
ba @ ba = constant, 


where D = diameter of bar. Also, if the ratio of b to dis kept the same, 
b= 


= constant 


and it remains to be proven that the equivalent length is proportional to D. 
The equivalent length ha is defined as follows: if the slip is s, then s = 
P = oL or = SE,/@. Since we are comparing various 
cases af at a stage weal 6 a therefore go are the same, o can be considered 
a constant, Further, for Lg to be proportional to D, s must be proportional 
to D. 
From Fig. 24 


XP 
P - uy, dx 


x 
tux ax 
x re) D 


Hence, 0, decreases as x increases and eventually becomes zero at Ly. The 
part of the bolt at a distance greater than L; is of no importance. 


Lt 
ax. 
D 
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hu hu 
x 
= > X dx = x dx 


It | lt 
€, ax = = | uy ax* 


(1) If u, is constant « 1 independent of x 


Qul,? 
DE, 


s = 


It has been shown by Gilkey (5.4) and others that the effective length L; is 
about 24D, But in any case L; can at least be assumed to be proportional to 
D. Hence, 
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Pp 
Fig. 25. 
The straine, = oy 
Es 
Le x L, 
oD 
Lt 
= where K is a constant and 
2 
DE F 
s 4K DE, 


i.e., for any one ¢d, the slip is proportional to the diameter. Furthermore, 
the equivalent length Lo is found to be 


This means that the equivalent free length Lo is half the effective length Ly, 
i.e., the amount of slip at the loaded end is the same as the extension of a 
nonembedded bar fixed at the center of gravity of the bond-stress distribution 
diagram, 

(ii) If the bond stress varies linearly, as shown in Fig. 25, then 


2u,L,? 2u_L 
go = = 
3 DE, D 
= 2 2 i.e., s is proportional to D 
3 
and 
1 
Lo = 3 L, 


It would appear to be generally true that s ~ D « d for the same p and g, 


APPENDIX 2 
TYPICAL COMPUTATIONS FOR MOMENT-ROTATION CURVE 
Data: c = 600 psi; p = 0.6%; af¢ = 6000 psi; e = 0.4d; 


Lj = 2d/3; stress-strain curve for anchor bolt material as in Fig. 18; 
n for concrete is 10, 


By definition 


e! = 2e = 0.8; 1' = L) = 2 - 
Also 
_ A 
p = = 0,006, therefore, Wo? = 0.006ba. ff 
Assuming 


0.012 
bwd,D= = 0.0624 


Further assuming a bond-stress distribution as in Fig. 25 (Appendix 1) 
and a total effective length of embedment of 24D, the equivalent length Lg of 
the embedded portion of the bolt is 8D. Thus, Lg = 8D = 0,496d, The total 
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Fig. 26. 


equivalent length of the anchor bolt Le = Ly + Lg = (0.667 + 0,496)d = 1.163d, 
By definition 
L 


Li = “e = 1,163. 


a. Stage 1 
At the end of stage 1, as defined on page 15, the stress distribution under 
the plate is as shown in Fig. 26. The moment of resistance is 


By definition 


M 
M' = —s = c 
bd 6 


Therefore 


Similarly the rotation at the end of stage 1 is given by 
-4 
— = rad. 


b, Stage 2 

At the end of the second stage, tensile stress is just being induced in the 
anchor bolt on one side. The stress distribution under the plate is as shown 
in Fig. 27. The reaction is 


But since there has been no additional stress induced in the anchor bolt as 
yet, F must also equal the original reaction bdc. Thus, 
f.bd 
bde = =< (1 + e') 
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fe 
| 
F 
M = Jar = bake 
6 
M} = 100 psi ‘ 
c 
Fs 5 (2 +e) (2 40°). 


and 


1+e' 


The moment of resistance is given by 


+e)] = bas 


1 
Ms = vac [F - 5 


(2-e') = 100 (2 - 0.8); 


= 


6 
ML = 120 psi. 


The strain in the concrete due to a stress f, is given by 


Eo (1te' )E, 


Assuming, as indicated in the text, that an effective depth d strains this 
amount 


= = 8c e 
(1te') erg (1te')"E, ’ 


-4 
= rad. 


Stage 3 

During this stage, the anchor plate is tilted sufficiently so that it is in con- 
tact with the concrete over a strip of width v. At the end of the stage (by def- 
inition) the stress in the anchor bolt has reached the yield point (Fig. 28). 

To determine v and w, the following two equations can be written and 
solved, By geometry 


d 


Vv v' 


c 
From equilibrium pbdo, + bde = ——s 


Thus, 
Oy V 
in(poy +c) 
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from which 


From Equation 9, 


Mos = x 798 (1-0.307) = 


therefore, M, = psi . 


Using Equation 11 
a) x 1.16 ; ©. = 34xl07* rad. 


d. Stage 4 

This stage ends when the strain in the anchor bolts reaches the value €y2 
(Fig. 18), At this time the concrete stress distribution is nonlinear and may 
be approximated by a trapezoid (Fig. 29). To determine v and y two equations 
can be written and solved. By geometry 


a 
at e@e-v 

at'/E, v-y 
From equilibrium pbdo, + bde = Fatt (v + y)b 
from which 
v' = = =z 0.353 and y' = at = 0.178. 
Also, 

xv’ ey") 
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de 
Fig. 28. 
v' = 0.92; wi «= = 0.307 


Fig. 29. Fig. 30. 


1 
As in stage 3, M' = > x 798 (1-0.137) + : x 0.198 x 0.8 


Using Equation 11, but replacing oy/Es by €y2 ’ 


L! 
lt+te' - v' 
e. Stage 5 
This stage represents the condition of ultimate moment. From Equation 5a 
(c + po,,)d 
a= 0.164 
af, 
1 1 
M, = 2 x960(1-0.16) + 5 x70 x 0.8 
Mi, = 547 psi 
L L! 
Os = + = Go + 
—te - lt+te'-a' 
2 


The above values of M' and @ are shown in graph form in Fig. 19. 
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